Consider the problem faced by a purchaser of solid waste management services, who needs to identify waste collection points, the assignment of waste generation points to waste collection points, and the type and number of receptacles utilized at each collection point. Receptacles whose collection schedule is specified in advance are charged a fixed fee according to the number of times the receptacle is serviced (emptied) per week. For other receptacles, the purchaser pays a fee comprised of a fixed service charge, plus a variable cost that is assessed on a per-ton-removed basis. We develop a mathematical programming model to minimize the costs that the purchaser pays to the waste management provider, subject to a level of service that is sufficient to collect all of the purchaser's required waste. Examining historical data from the University of Missouri, we observed significant variability in the amount of waste serviced for nonscheduled receptacles. Because this variability has a significant impact on cost, we modified our model using robust optimization techniques to address the observed uncertainty. Our model's highly robust solution, while slightly more expensive than the nonrobust solution in the most-optimistic scenario, significantly outperforms the nonrobust solution for all other potential scenarios.
Introduction
Municipal solid waste management (SWM) refers to the management of the waste that is generated as a result of residential, institutional, and commercial activities [1] . This research was motivated by a project with University of Missouri (MU) Sustainability Office, regarding its SWM contract with the local municipality, the city of Columbia, MO. Circa 2014, the university was paying the city approximately $410,000 annually to collect solid waste from campus locations. MU was concerned that it was potentially paying more than necessary, due to what was perceived as a large number of waste collection points. An additional complication was that the city's contract terms varied with respect to the type of receptacle used at each collection point. Dumpsters were charged on a frequency of service basis, without regard to the weight of the waste in the dumpster, with the service dates specified a priori by the customer (e.g., service every Monday and Thursday). Compactors and roll-off containers were charged on a weight and service charge basis, with the service dates not necessarily specified in advance, but instead potentially arranged for on an as-needed basis.
An analysis aiming to identify a minimum-cost strategy for the university would thus need to address the following decisions:
(a) Where should the waste collection points be located?
(b) For each campus building, at which waste collection point should its waste be assigned? Note that MU employees are responsible for moving waste to each waste collection point; these efforts (and their associated costs) are not included in the university's contract with the city. Decisions (a) and (b) are common to any general locationallocation problem. Decision (c) is consistent with locationallocation models that differentiate between types of candidate facilities. Decision (d), however, is not typical for such optimization models. Clearly, the number of services required per week is related to the amount of waste expected to be assigned to a location and the capacity of the receptacles placed at that site. It is not sufficient, though, to simply identify the number of services per week for a dumpster, the university must also identify the specific days on which service will occur for each dumpster, which greatly complicates the modeling, since demands accumulate over time in the absence of service, and these demands must be allocated the first service day occurring after demand generation.
Test Case for Application.
The University of Missouri is the largest educational institution in Missouri. There are several thousand faculty, staff, and students working and studying on the campus daily. The university has a contract with the city of Columbia, who provides solid waste management services to the university. The city provides receptacles, along with the labor and equipment necessary to collect material from receptacles, and transports the collected material (both waste and recyclables) to the city solid waste management facility. Because the city did not charge the university for servicing recyclable materials, we exclude such receptacles from our analysis.
At the time of this research, there were 171 city-serviced waste receptacles distributed across 111 buildings around the main campus area. Figure 1 shows the distribution of receptacles over these 111 locations. For our analysis, we will consider these 111 buildings as waste generation points. Each of these 111 buildings will also be considered as a potential waste collection point.
There are three primary types of city-provided receptacles in use on campus: dumpsters, roll-off containers, and compactors. Each receptacle type is available in multiple sizes. For example, dumpsters are available in 2-, 4-, 6-, and 8-cubic yard capacities.
In order to identify the required level of service, we need to know the amount of solid waste generated each day at each of these 111 points. Unfortunately, MU does not maintain data recording how much waste is generated each day at each building. For waste that is serviced by dumpsters, MU does not obtain any data regarding the weight of the waste that is serviced. The most-recent data available came from an internal 2003 study on the university's dumpster utilization. In this study, students visually observed dumpsters around campus to estimate what percentage of their capacity had been used each day for one week. This 2003 study categorized university buildings into 10 groups: academic, administrative, apartments, residence halls, dining halls, medical, parking garages, recreation and athletics, research, and support buildings. Since the number of buildings and dumpsters on the campus has changed since this 2003 study was performed, we computed the average dumpster percent utilization for each building category for each day of the week and applied the relevant factor to all dumpsters, generating an estimate of the volume of generated waste for each day of the week for each dumpster.
For waste serviced by compactors and roll-offs, MU was able to provide data regarding the total weight of waste serviced at each receptacle for the period covering January 2012 through June 2013. However, these data do not present details on differences in waste generation across different days of the week. We thus took the daily variations around the average computed above for dumpsters and applied this variability to compactors and roll-offs (maintaining the correct overall total weight for compactors and roll-offs) to generate estimates of waste generation for each day of the week for buildings serviced by compactors and roll-offs. We translated these weights into volumes by assuming a rate of 20 cubic yards of (noncompacted) waste per ton.
We were now able to estimate the volume of waste generated in all buildings around campus per day of the week, as demonstrated in Figure 2 . Because service is not available on Saturday or Sunday, the waste generated on these days is treated as being generated on Monday, explaining why Monday has the largest total waste generation estimate across all days of the week.
The remainder of this paper is organized as follows. Section 2 presents a review of operations research literature related to SWM. Section 3 provides details of our basic modeling formulation, assuming no variability in the system. In Section 4, we present an application of our model to data from MU. Due to the variability observed in the MU data, we extended our basic model using a robust optimization (RO) approach; these modeling extensions and computational results are also presented in Section 4. Finally, conclusions and directions for potential future study are discussed in Section 5.
Literature Review
Solid waste management deals with the organized handling of waste material from generation sources through the recovery processes to disposal [2] . SWM is known to be a complicated and costly procedure for urban areas. According to Shamshiry et al. [3] the majority of of SWM costs (approximately 75%) are due to the waste collection process. Most of the operations research literature related to SWM has addressed the problem from the perspective of a cost-benefit analysis [4] , in which the decision-maker attempts to measure all of the positive and negative effects of each decision in a scenario relative to a common measurement, such as dollars.
Operations research models have been extensively used to address regional planning decisions such as the selection of collection site locations [5, 6] , transfer station locations [7] [8] [9] [10] [11] [12] , waste processing facility locations [12] [13] [14] [15] [16] , and landfill location [7, 10, 13, 15] . Such analyses typically aim to identify the best locations for sites while minimizing cost.
Operational decisions for SWM have also been examined with operations research tools. Collection patterns for routing and scheduling trucks to collect waste around cities, accounting for the time needed to collect waste as well as the selection of collection days, are discussed in Ghiani et al. [17, 18] and Ghose et al. [19] . Districting decisions, in which the region to be served is divided into zones such that the total waste flow in each zone is less than the capacity of the trucks serving it, are presented in Ghiani et al. [17, 18] and Hanafi et al. [20] . One previous study which considered frequency of service was Katragjini et al. [21] , although this paper only considered a fixed set of collection locations, with receptacles of fixed size, and required that all potential collection timetables be identified a priori.
The studies mentioned previously generally model municipal SWM problems using deterministic mathematical programming techniques. A number of authors have also examined these issues with optimization models that address uncertainty. Fuzzy mathematical programming has been used by a number of authors to examine SWM decisions [22] [23] [24] [25] [26] . Li [27] examined SWM under uncertainty using an inexact mathematical programming framework, in which uncertain parameters are expressed as intervals with known lower and upper bounds, but unknown distributions. However, approaches for identifying solutions that provide a performance guarantee in the event of uncertainty, such as robust optimization [28] , do not appear in the literature for solid waste management applications.
Problem Description
Consider an entity that purchases SWM services from a waste management provider. The purchaser needs to identify the locations at which waste will be collected, along with the type and number of receptacles to be placed at each waste collection point. Suppose that there are two basic types of receptacles (with a variety of possible sizes and capacities for each type): dumpsters and compactors. From the purchaser's perspective, the primary difference between these receptacle types pertains to the tariff structure. The purchaser pays a fixed fee according to the number of times the dumpster is serviced (emptied) each week, with a minimum of one and a maximum of five services per week for any utilized dumpster. This frequency of service must be specified at the outset of the contract. For a compactor, there is no predetermined servicing schedule. However, when a compactor is serviced, the purchaser pays a fee comprised of a fixed service charge, plus a variable cost that is assessed on a per-ton-removed basis.
Another set of decisions that the purchaser needs to make, but which need not be communicated to the waste management provider, are the assignment of waste generation points (assumed here to be buildings) to waste collection points. Should transportation be necessary between a waste generation point and a waste collection point; this transportation will be performed by the SWM purchaser and is not a responsibility of the waste management provider.
We assume that the purchaser wishes to minimize the costs paid to the waste management provider, subject to a level of service that is sufficient to collect all of the purchaser's required waste. We further assume that the amount of waste generated on each day at each waste generation point is known. Finally, assume that compactors will be serviced when they reach their maximum capacity (and not according to a predetermined schedule).
Our mathematical model is as follows.
Sets
I: waste generation points.
J: candidate waste collection points.
K: receptacle types.
C ⊂ K: compactor types (roll-off receptacles are included in this subset). U ⊂ K: dumpster types.
D: days of week, D = {Mon, Tue, Wed, Thu, Fri}.
F: frequency of service per week
Parameters
: incremental cost, per month, for receiving service times per week (beyond cost for receiving service ( − 1) times per week) for dumpster of type .
Π : fixed cost per service for compactor of type .
Φ : variable cost per ton of waste received from compactor of type .
: cubic yards per ton of waste.
: volume of waste generated at location on day .
: capacity volume of receptacle type .
: area required at collection point per receptacle of type .
: area available for receptacles at collection point . Δ : distance between generation point and collection point . Ω : annual depreciation fee (paid by purchaser) per compactor of type .
: arbitrarily large "big " value.
Decision Variables
= {1, if waste generated at point is collected at point ; 0, otherwise}. = {1, if dumpsters at collection point are serviced on day ; 0, otherwise}. = {1, if dumpsters at collection point are serviced at least times per week; 0, otherwise}. V : volume of waste generated at point on day that is assigned to compactors at collection point .
: volume of waste generated on day that is assigned to compactors of type at collection point .
: volume of waste generated at point on day 1 that is assigned to a dumpster at collection point and serviced on day 2 .
: volume of waste assigned to dumpsters of type at collection point that are serviced on day .
: number of dumpsters at collection point that are serviced at least times per week.
: number of receptacles of type at collection point .
Objective Function
(1)
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Objective function (1) minimizes the purchaser's total annual cost. The objective's first term computes the collection costs for dumpsters (multiplied by 12, since this is a monthly cost), the second term calculates the collection cost for compactors (comprised of both a per-service charge and a perton charge; multiplied by 52, since this is a weekly cost), and the third term determines the depreciation cost for compactors.
Constraint (2) ensures that all waste generated at point is collected at exactly one location . Constraint (3) requires that the total waste generated at point on day 1 be assigned to a combination of dumpsters and compactors at point 's assigned collection point . Constraint (4) distributes the total waste allocated to compactors at collection point on day across different compactor types. Constraint (5) similarly distributes the total waste allocated to dumpsters at collection point that will be serviced on day 2 across different dumpster types. In constraint (6), we ensure that the volume of waste assigned to be serviced on day 2 across each dumpster type at collection point does not exceed the available capacity. Constraint (7) constrains the total area consumed by waste receptacles at collection site to not exceed the available space. Constraint (8) is used to activate the binary variable that indicates if dumpsters at collection point are serviced on day .
The primary new contribution of this model is contained in the constraints that relate frequency of service to capacity. Consider, for example, a case in which four cubic yards of waste are generated on each weekday and assigned to a 10-cubic yard capacity dumpster. A collection schedule with two services per week would be sufficient to accommodate all waste on average but would not have sufficient capacity on each day (e.g., if collection were scheduled on Tuesday and Friday, 12 cubic yards of waste would have accumulated between the collection on Tuesday and the collection on Friday, violating the dumpster's capacity). To avoid this problem, we need to relate the day that dumpster-serviced waste is generated to the first-scheduled service date following generation. This is accomplished via constraints (9), (10), (11), and (12) . First, note that if = 0 and generation point does not assign its waste collection point j, then the constraint is automatically satisfied.
For cases when = 1, observe that constraints (5) and (8) = 0 for each waste generation day 1 . Now, for any day that receives waste service (i.e., = 1), constraint (9) requires that all of the waste generated on day must receive service on the same day (i.e., is equal to the total amount of dumpster-assigned waste generated at point on day ). If, instead, there is no dumpster service at collection point on day , with the first service after day occurring on day + , then the following conditions must be true:
is equal to the total amount of dumpster-assigned waste generated at point on day . Note that ( +ℎ) = 0 where ℎ > , since the total amount of dumpster-assigned waste generated on day has already been assigned to collection day + .
To compute the cost associated with dumpsters, we next need to identify the number of services per week. Constraints (13) , (14), (15), (16) , and (17) are linear constraints used to model dumpster collection costs through use of a piecewiselinear representation by computing the number of weekly services for dumpsters at collection point based upon the total number of days receiving dumpster service at this point. Constraint (18) then ensures that all type dumpsters at collection point are charged for service based on this number of weekly dumpster services at collection point . Constraint (19) ensures that the volume of waste assigned to compactors of type at collection point on day does not exceed the available capacity. Constraint (20) permits collection point to service other generation points only if services its own waste. Constraint (21) permits receptacles to be placed at collection point only if collection point services at least one waste generation point. Finally, constraints (22) , (23) , and (24) define the appropriate variables as nonnegative, integeronly, and binary variables, respectively.
Observe that this model includes both strategic (location) and tactical (scheduling) decisions, while such a purview is 6 Advances in Operations Research Due to the efficiency of the formulation and the relatively small problem size, both sets of considerations can be simultaneously optimized by our model. Moreover, in the application to be presented in Section 4, the purchaser must specify both the locations and the schedule of collections when the contract is developed with the waste management provider.
Application and Computational Results
As discussed previously, the city's tariff structure for dumpsters is different from the charges imposed for servicing rolloffs and compactors. Consider the city's tariff structure for dumpsters, as presented in Table 1 . These costs are based solely on the dumpster capacity and frequency of weekly service. The cost does not vary as a function of the amount of waste collected when a dumpster is serviced. For each dumpster that is utilized, the university must specify in advance on which days that dumpster will receive service (service is available on weekdays, Monday through Friday).
The bill received from the city shows MU is charged for 142 dumpsters, 140 of which are located in the main campus area and thus included in our analysis. Table 2 shows the number of dumpsters in the university's contract in the main campus area. The total charge associated with these 140 dumpsters over the one-year interval May 2013 to April 2014 was $189,120.
Compactors and roll-offs are charged in a very different way than are dumpsters. Compactors and roll-offs are billed based on (a) tonnage fee at a rate of $34.96 per ton, (b) number of times the receptacle is serviced ("pulled"), and (c) depreciation fee, applied to compactors only, which we estimated as $465 per compactor per year. The pull fee varies based on the receptacle's size. For small (14 and 15 cubic yards) compactors and roll-offs, the university is charged $50.93 per pull. For larger, "full-size" compactors and roll-offs, the fee is 71.64 per pull.
There were 22 compactors and 9 roll-offs located in the main campus area; four of these compactors and one of these roll-offs were small-sized (14-or 15-cubic yard capacity). To compute the university's costs associated with this set of compactors and roll-offs, one needs to know the tonnage and number of pulls for these 31 receptacles. We used the January 2012 through June 2013 dataset discussed above to estimate the amount of waste generated at this set of receptacles as follows:
(i) 3,899 compactor and roll-off tons, at a total cost of $136,326.
(ii) 127 small compactor and roll-off pulls, at a total cost of $6,486.
(iii) 948 full-size compactor and roll-off pulls, at a total cost of $67,929.
(iv) Depreciation fee on compactors, at a total cost of $10,246.
Our total estimated cost across the 31 compactors and roll-offs located in the main campus is thus equal to $220,986. Adding this to the dumpster charge mentioned previously, we estimate that across the year spanning May 2013 to April 2014, the university's solid waste disposal bill across all receptacles in the main campus area was $410,106; we will utilize this estimate as the baseline cost for the analysis to follow.
Modeling Assumptions.
We will utilize the optimization model presented in Section 3 to identify alternative waste collection decisions that would minimize the charges paid by the university to the city for SWM services. In order to apply this model, we make the following set of assumptions.
For each candidate waste collection point, we identified the existing space currently utilized for waste receptacles and assumed that this was the only space potentially available for receptacle siting. We did not account for differences in receptacle types when identifying the available space at potential waste collection points; our approach would allow a location that is currently used for dumpsters to potentially be utilized for compactor siting, if there is sufficient existing space.
For dumpsters, the assigned waste that accumulates between scheduled services cannot exceed the dumpster's nominal capacity. Modeling capacity for compactors and rolloffs is more difficult, however, since these receptacle types are not serviced according to a prearranged schedule but are intended to be serviced when the compactor or roll-off is near its storage capacity. While MU did not have historical data recording the volume at which compactors or roll-offs were serviced, data were available presenting the weight pulled at each compactor and roll-off servicing. These historical data demonstrated significant variation in the weights at which individual compactors or roll-offs were serviced. Figure 3 shows the variability in the weight of waste pulled per service for all 30-yard roll-off containers. Consider for a moment the implication of this variability. Because the fee for compactors and roll-offs varies as a function of the number of services and the weight serviced, variability in the weight per service will impact the university's overall cost, even if we assume that the amount of waste being generated is known and deterministic. In such a case, the tonnage cost associated with the weight of waste serviced by compactors and roll-offs would be fixed, independent of the number of such receptacles that are utilized. However, even for a fixed set of compactors and roll-offs, the number of services could vary greatly with variations in the weight per service, leading to considerable uncertainty in the total cost. To accommodate this uncertainty we modified our optimization model using a robust optimization approach
Robust Optimization Model. Robust optimization (RO)
, as developed by Ben-Tal and Nemirovski, [28] , is another approach for optimizing under uncertainty. Instead of considering probabilistic information to protect the solution against uncertainty, RO models construct a solution that is feasible for any realization of the uncertainty in a given set. Bertsimas and Sim [30] later extended these RO concepts to linear models with integer variables. Gabrel et al. [31] provided a survey of 130 RO papers appearing in the operations research literature; none of these papers addressed waste management issues. Accordingly, this research aims to extend RO concepts to SWM planning problems, with a focus on the location-allocation and frequency of service decisions facing a purchaser of SWM services.
The RO modifications to our previous model appear as follows.
Parameters
: protection level in the objective function.
: midpoint of waste capacity per service for compactor type .
: cost increase associated with maximum-allowable deviation from midpoint for waste capacity per service for compactor type .
Decision Variables
: robust variable associated with protection level.
: robust variable identifying cost increase above protection level for waste generated on day that is assigned to compactors of type at collection point . ℓ : robust variable identifying absolute value of volume of waste generated on day that is assigned to compactors of type at collection point . 
Constraints
In this robust optimization model, objective (25) replaces objective (1) in the previous model. Parameters and are identified based on the variability observed in the weight pulled per compactor or roll-off servicing. As an example, consider 30-yard roll-off containers. As presented in Figure 3 , the preponderance of services (98 percent) occurred with pull weights between 0.5 and 4.5 tons. For this receptacle type, we assumed that midpoint pull capacity was equal to 2.5 tons, with the maximum-allowable deviation from this midpoint, denoted bŷ, equal to 2 tons (generating an allowable range of 0.5 to 4.5 tons per pull). Parameter , identifying the cost increase associated with this maximum-allowable deviation from midpoint per unit waste , can then be computed as the increase in pull cost times the number of increased services under the worst-case (minimum-allowable servicing weight) scenario, where
In objective (25) , the two new terms compute the cost associated with the worst-case-impact values of . The robust optimization formulation includes the previously presented constraints (2) through (24), along with new constraints (26) and (27) which identify these worst-caseimpact values of . As an example, if we assume a protection level of = 2, will equal the second-largest potential cost deviation value based on the selected values of all decision variables. Variable will equal the maximum of zero and the difference between any individual deviation based and the second-largest value .
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Computational Results.
The robust optimization model presented above was coded in GAMS version 24.3.3 and solved using CPLEX version 12.6.0.1. Recall that the input parameter determines how risk-averse the model's solution will be. We will illustrate our solution methodology by considering two values for this parameter: = 0 (referred to as the nonrobust solution) which is optimized without accounting for any data parameter uncertainty and = 100 (referred to as the highly robust solution) for which our model identifies the minimum-cost solution in the event that the 100 worstimpacting data parameter uncertainties take their worst-case values (i.e., the 100 largest values are added to the objective function). Figures 4 and 5 show the distribution of receptacles around the MU campus for these two different optimization solutions.
As we select solutions that are more protected from the impact of data uncertainty, we can observe from Figures 4 and 5 that the number of waste collection points increases, from 15 points for the nonrobust solution to 27 points for the highly robust solution. Also, the types of receptacles utilized changes, with the nonrobust solution using compactors at three waste collection points, while the highly robust solutions utilizes no compactors. Neither solution, however, uses any of the small 2-cubic yard dumpsters which are prevalent in MU's current posture (as indicated in Figure 1) .
Each solution consists of a set of decisions (receptacle types, locations, and service frequencies; assignment of waste generation points to waste collection points) that are made at the conclusion of planning and then fixed for execution. For any solution, at the start of execution, we do not know how many uncertain data parameters will take a value different from their midpoint estimate. In order to compare the costs of these solutions, we need to consider a common uncertainty scenario for each solution; let̂denote the number of data parameters that are permitted to take their worst-impact values, given a fixed solution. Figure 6 presents the total cost for the current system, along with the cost of both the nonrobust solution and the highly robust solution, across a range of̂data parameter uncertainty levels. At the bestcase outcome for data parameter uncertainty, the nonrobust solution would be slightly less expensive than the highly robust solution (total annual costs of $276,038 and $282,236, resp.), both of which are considerably less expensive than the current solution of $410,106 (both reduce costs by greater than 30 percent under this scenario). However, if just one of the uncertain data parameters is allowed to take its worstimpact value (̂= 1), the nonrobust solution would be considerably more expensive than the highly robust solution (total annual costs of $296,619 and $282,839). The difference between the two solutions becomes more pronounced as the values of̂increase, until at the point̂= 46 (i.e., the 46 worst-impact data variations occur), the nonrobust solution's cost has increased to its worst-possible value of $511,426 (an 85 percent increase over this solution's best-case cost should no data variability occur); beyond thiŝvalue the objective does not increase further. The highly robust solution's cost increases witĥuntil the point̂= 11, where this solution's objective has increased to its worst-possible value of $284,818 (a 0.9 percent increase over this solution's best-case cost, if no data variation occurs). Clearly, the highly robust solution, while slightly more expensive than the nonrobust solution in the most-optimistic future (̂= 0), significantly outperforms the nonrobust solution for all other potential futures (values of̂> 0).
Recall our earlier assumption that the transportation of waste between generation points and collection points is not performed by the city of Columbia and thus not included in the university's bill. Should transportation be needed between waste generation and collection points, university custodial staff would need to perform these movements. In discussions with university management, they viewed the current custodial staff manpower as being sufficient to handle this new transportation workload (in fact, some such movement of waste between buildings already occurs at the university). While the university was not able to provide us with an estimate of the costs associated with such movements, we know that this could constitute a new workload for university staff. Accordingly, we generated another set of solutions using our robust optimization model, this time adding a new constraint: a waste generation point can only assign its waste to collection points located within a 0.25 mile radius. Figures  7 and 8 show the distribution of receptacles around the MU campus for the nonrobust ( = 0) and highly robust ( = 100) solutions, applying this 0.25-mile maximum distance constraint.
As expected, when a constraint is added limiting the maximum distance that waste can be transported between generation and collection points, the number of collection points increases. We again observe in Figures 7 and 8 that when we select solutions that are more protected from the impact of data uncertainty, the number of waste collection points increases, from 28 points for the nonrobust solution to 37 points for the highly robust solution. Each of these solutions uses a mix of receptacle types, with each using compactors at some points and small 2-cubic yard dumpsters at other points. Figure 9 presents the associated cost of both the nonrobust solution and the highly robust solution, across a range of̂data parameter uncertainty levels, when a maximum distance of 0.25 miles is allowed between any waste generation point and its assigned collection point. At the bestcase outcome for data parameter uncertainty, the nonrobust solution would be slightly less expensive than the highly robust solution (total annual costs of $283,455 and $291,465, resp.). These costs represent increases of 2.7 and 3.3 percent, respectively, over the best-case costs achieved when no such maximum distance constraint was included. When a maximum distance constraint is included, the difference between the nonrobust and highly robust solutions' performance relative to their respective worst-case scenarios was much greater, with the nonrobust solution's cost increasing to $504,954 at the point̂= 69 (i.e., the 69 worst-impact data variations occur), constituting a 78 percent increase over this solution's best-case cost; beyond thiŝvalue the objective does not increase further. The highly robust solution's cost increases witĥuntil the point̂= 28, where this solution's objective has increased to its worst-possible value of $427,243 (a 47 percent increase over this solution's best-case cost should no data variation occurs). Here, the highly robust solution, while slightly more expensive than the nonrobust solution in the six most-optimistic future (̂≤ 5), outperforms the nonrobust solution for all other potential futures (all values of̂> 5).
Observe that when a maximum distance of 0.25 miles is allowed between any waste generation point and its assigned collection point, the highly robust solution has a worst-case outcome cost of $427,243. This occurs because, under this maximum distance constraint, the highest demand location (University Hospital and Clinics) must be serviced by an on-site compactor, and the worst-case variability associated with this compactor is extremely large (accounting for all of the cost increase between̂= 0 and̂= 5 in Figure 9 ). The $410,106 value presented as the current system's cost was calculated as a conservatively low estimate, assuming that all compactors and roll-offs would only be serviced when filled to capacity (thereby generating a relatively low estimate for the cost of the current system, in order to not overstate the potential for cost reductions). However, since the current contract has a compactor at the University Hospital and Clinics site, it would be equally susceptible to potential cost increases (over its $410,106 baseline) if variability occurs in compactor pull weight at this site.
Further Computational Testing.
In order to develop a greater understanding of the impact of the model parameters on the solutions, a set of 80 additional problem instances was generated and solved. These instances were created by generating a full factorial design that varied five parameters across the following levels:
: baseline values and 2x baseline values (2 levels).
(ii) Π : baseline values and 2x baseline values (2 levels).
(iii) Ψ: 10, 15, 20, 25, and 30 cubic yards per ton of waste (5 levels).
(iv) : 0 and 100 (2 levels).
(v) Maximum transport distance: unconstrained and 0.25 miles (2 levels).
All instances were run on the computer described in the previous section. In no instance was GAMS/CPLEX able to identify an optimal solution within a 4-hour maximum run time. The results of these additional computational tests are presented in Tables 3 and 4 . The values in each cell present details of the solutions, for each model run: number of collection points, total number of dumpsters, total number of roll-offs, and total number of compactors.
Observe that as is increased, the number of collection points and the total number of dumpsters utilized decreases. The effect is much more pronounced for the case with maximum transport distance of 0.25 miles. This is partially due to the two instances in Table 3 for which CPLEX/GAMS was not able to improve the initial solution with collection at all 111 sites; extending the computational run time for these two instances would generate an improved solution. Conversely, as Π is increased, when remains at its baseline level, the number of dumpsters increases. However, when both Π and are increased, the number of dumpsters generally decreases. As Ψ increases, the number of dumpsters generally decreases and the number of roll-offs increases. As observed in the previous section, increasing the robustness level significantly increases the number of collection points and dumpsters; it also leads to a significantly increased number of compactors for the case with unconstrained maximum transport distance. Similarly, as observed in the previous section, decreasing the maximum-allowable transport distance slightly increases the number of collection points, considerably increases the number of dumpsters and roll-offs, but reduces the number of compactors.
Conclusions and Suggestions for Future Research
In this paper, we considered the problem faced by a purchaser of SWM services. The purchaser needs to identify the locations at which waste will be collected. Two types of receptacles can be used: one (dumpsters) for which the purchaser identifies a collection schedule in advance and pays a fixed fee according to the number of times the dumpster is serviced (emptied) each week; the other (compactors) for which there is no predetermined servicing schedule, with the purchaser paying a fee comprised of a fixed service charge, plus a variable cost that is assessed on a per-ton-removed basis. Thus, the purchaser also needs to determine the type and number of receptacles to be placed at each waste collection point and the frequency of service (emptying) for dumpster-type receptacles. A final set of decisions facing the purchaser is the assignment of waste generation points (assumed here to be buildings) to waste collection points. Any transportation necessary between waste generation and waste collection points is performed by the SWM purchaser and is not a responsibility of the waste management provider. We assume that the purchaser wishes to minimize the costs paid to the waste management provider, subject to a level of service that is sufficient to collect all of the purchaser's required waste. We further assume that the amount of waste generated on each day at each waste generation point is known. A mathematical model was presented to determine the minimum-cost strategy for such a purchaser. The primary novel aspect to this model appears in the constraints relating scheduled frequency of service to capacity for dumpsters. We need to relate the day that dumpster-serviced waste is generated to the first-scheduled service date following generation, to ensure that capacity is not violated on any day. This study was motivated by the situation facing the University of Missouri as it structures its municipal solid waste management contract with the city of Columbia, MO, to collect waste around campus. Examining historical data, we observed significant variability in the amount of waste contained in compactors per pull. Because this variability has a significant impact on the total cost, due to the per-service pull fees associated with compactors, we modified our model using robust optimization techniques to address the level of observed uncertainty. We solved the model with different parameter settings to identify both a nonrobust and a highly robust solution. The primary differences between these two solutions were the increased number of waste collection locations utilized in the highly robust solution and the highly robust solution's lack of usage of compactors. Both solutions would potentially reduce costs significantly, when compared to our estimate of the university's current cost. At the best-case outcome for data parameter uncertainty, the nonrobust solution would be slightly less expensive than the highly robust solution, but either solution would reduce costs by greater than 30 percent under this scenario. However, under the worst-case scenario (in which an unlimited number of data variations are allowed to occur), the nonrobust solution's cost would be liable to an 85 percent increase over this solution's best-case cost, whereas the highly robust solution's cost would be subject to only a 0.9 percent increase over this solution's best-case cost. Clearly, the highly robust solution, while slightly more expensive than the nonrobust solution in the most-optimistic future, significantly outperforms the nonrobust solution for all other potential futures.
Because we assumed that the transportation of waste between generation points and collection points is not included in the purchaser's SWM bill (based on our conversations with MU, who viewed the current custodial staff manpower as being sufficient to handle this new transportation workload), we included no mechanism in our first set of model results to constrain this transportation. To examine the impacts of adding such considerations, we generated another set of solutions using our robust optimization model, this time adding a new constraint: a waste generation point can only assign its waste to collection points located within a 0.25 mile radius, again identifying a nonrobust and a highly robust solution.
As expected, when a constraint is added limiting the maximum distance that waste can be transported between generation and collection points, the number of collection points increases. Both the nonrobust and highly robust solutions use a mix of receptacle types, with each using compactors at some points and small 2-cubic-yard dumpsters at other points, due to the maximum distance constraint.
At the best-case outcome for data parameter uncertainty, the nonrobust solution would be slightly less expensive than the highly robust solution. Both solutions would be subject to a cost increase of roughly three percent, relative to the best-case costs achieved when no such maximum distance constraint was included. However, the difference for the maximum-distance-constrained solutions relative to their respective worst-case scenarios is much greater, with the nonrobust solution's cost increasing by 78 percent over this solution's best-case cost and the highly robust solution's cost increasing by 47 percent over this solution's best-case cost. The highly robust solution is potentially subject to such large cost increases, under this maximum distance constraint, the highest demand location (University Hospital and Clinics) must be serviced by an on-site compactor, and the worst-case variability associated with this compactor is extremely large (accounting for nearly all of the potential cost increase). These results suggest that solid waste planning, which up to now has typically implemented deterministic optimizations that do not account for uncertainty, can produce recommendations that do not perform well in the event of uncertainty and that such planning can be considerably improved across a range of potential futures by the use of robust optimization models.
A number of future research directions can be envisioned. First, the transportation of waste between buildings is not included as a cost in this formulation (due to the belief on the part of university management that their existing resources are sufficient to handle this additional workload). However, where it possible to identify a cost structure for this transportation, one could integrate these costs into our model's objective function. Second, it is unlikely that a deterministic amount of waste is generated on campus each day. Where it possible to collect data regarding this uncertainty in the volume of waste generated each day at each building, this uncertainty could be incorporated into the robust optimization model, potentially yielding an improved solution.
